Abstract. Let V be a variety in which the free groups of finite rank are residually finite. We show that there exists a simple group G that is locally V-by-finite and contains a copy of the V-free group of countably infinite rank. We also prove that there exist periodic simple groups that are locally residually finite but not locally finite.
Introduction
In [1] we investigated simple groups that are locally soluble-by-finite but not locally finite. Among other things we showed that there exist simple groups that are locally abelian-by-finite but not locally finite. Recently we announced that for each c d 1 there exist simple groups that are locally (nilpotent of class c)-by-finite but not locally (nilpotent of class c À 1)-by-finite. The main purpose of this note is to establish the following generalization of these results. Theorem 1. Let V be a variety in which the free groups of finite rank are residually finite. Then there exist simple groups G and G Ã such that (i) G and G Ã are locally V-by-finite,
(ii) G is countable and jG Ã j ¼ 2 @ 0 , and (iii) both G and G Ã contain a copy of V y , the V-free group of countably infinite rank.
It follows from (iii) that if W is a subvariety of V and V contains finitely generated groups that are not W-by-finite, then neither G nor G Ã is locally W-by-finite. In particular, if V does not consist entirely of locally finite groups, then G and G Ã are not locally finite.
Our proof of this theorem depends on the following result which is of independent interest. Theorem 2. Let H be an infinite group that has a series of normal subgroups (ii) each finitely generated subgroup of S is isomorphic to a finite extension of a subgroup of a direct power of H, and
We shall have more to say about such groups H below. There are many examples in the literature of periodic simple groups that are not locally finite. (For instance there are the 'Tarski monsters', constructed by A. Yu. Ol'šanskiǐ [5] .) To the best of our knowledge none of these groups are locally residually finite. Consequently our final result is of interest.
Theorem 3. There exist simple periodic groups that are locally residually finite but not locally finite.
Lemmas
In this section we prove three lemmas that will allow us to establish Theorem 2.
We recall the definition of the (standard, restricted) wreath product W ¼ C o A of groups C and A. Let C A denote the set of all functions f : A ! C such that f ðaÞ ¼ 1 for almost all a A A, and view C A as a group under the usual multiplication of functions, so that ð fgÞðaÞ ¼ f ðaÞgðaÞ for all f ; g A C A and a A A. Define W to be the semidirect product W ¼ C A z A where the action of A on C A is given by g a ðaÞ ¼ gðaa À1 Þ for all g A C A and a; a A A. We call C A the base group of W and denote it by BðW Þ when convenient. For each a A A, let C a ¼ fg A BðW Þ j gðaÞ ¼ 1 if a 0 ag and note that C a a ¼ C aa for all a; a A A. It is easy to see that BðW Þ ¼ Dr a A A C a and C a G C for all a A A. Lemma 1. Let C and A be groups and let B denote the base group of W ¼ C o A. Then (i) ½B; A has C as a homomorphic image, and
Furthermore, if A is non-abelian and simple then
W 0 is perfect, and
Proof. Let c 1 ; c 2 A C and let x 1 , x 2 be distinct non-trivial elements of A. Let g i A C 1 be defined by g i ð1Þ ¼ c
À1 i
for i ¼ 1; 2. First note that ½g 1 ; x 1 ð1Þ ¼ c 1 and so the projection z 1 from B onto C given by z 1 ð f Þ ¼ f ð1Þ for all f A BðW Þ restricts to an epimorphism ½B; A ! C, which proves (i). Now ½g i ; x i A ½B; A V ðC 1 Â C x i Þ and so ½½g 1 ; x 1 ; ½g 2 ; x 2 A ½B; A 0 V C Let f A W 0 n½B; A. Since A is simple it follows easily from (iv) that for each a A A there exists h A ½B;
Þ and ½k i ; h i x i ð1Þ ¼ d i . Since x 1 0 x 2 we deduce that ½½k 1 ; h 1 x 1 ; ½k 2 ; h 2 x 2 A C 00 1 and To complete the proof of (vi) we recall that W 0 is perfect and note that
Let fH i j i A I g be a given set of groups. Following [6] we view elements of the Cartesian product Cr i A I H i as 'vectors' ðg i Þ with i-component g i A H i . Of course multiplication is given by ðg i Þ:
By a descending residual system ðH; N j Þ we mean an infinite group H together with a series
. . . and 7 y j¼1 N j ¼ 1. Clearly if ðH; N j Þ is a descending residual system, then H is residually finite.
For a partial converse, let G ¼ f1; g 1 ; g 2 ; . . .g be a countably infinite residually finite group and for each non-trivial g A G let K g / G be such that g B K g and G=K g is finite. Setting N j ¼ 7 j r¼1 K g r we obtain a descending residual system ðG; N j Þ. It is easy to see that if ðH; N j Þ is a descending residual system, H need not be countable: for let p be a prime andẐ Z p the (additively written) group of p-adic inte-gers. ThenẐ Z p is uncountable and ðẐ Z p ; p jẐ Z p Þ is a descending residual system. More generally, if ðH; N j Þ is a descending residual system, the inverse limit
Our proof of the next lemma depends on two facts. Each finite group can be embedded in a finite simple group. (This is, of course, a consequence of Cayley's theorem.) Each group that is an extension of a group M by a group K can be embedded in the unrestricted wreath product M o K. This important result of Kalužnin and Krasner [2] will be used in the definition of the map m. Proof. We first apply Lemma 2 with ðG; N j ðGÞÞ ¼ ðG 1 ; N j ðG 1 ÞÞ and let ðG 2 ; N j ðG 2 ÞÞ and m 1 , respectively, denote the resulting descending residual system ðH; N j ðHÞÞ and embedding m. We make the following observations: if g A G 1 , then g m 1 A N j ðG 2 Þ if and only if g A N jþ1 ðG 1 Þ; N 1 ðG 2 Þ is isomorphic to a subgroup of a direct power of
We next apply Lemma 2 with ðG; N j ðGÞÞ ¼ ðG 2 ; N j ðG 2 ÞÞ and let ðG 3 ; N j ðG 3 ÞÞ and m 2 denote the resulting descending residual system ðH; N j ðHÞÞ and embedding m.
Continuing in this way we obtain a sequence of descending residual systems ðG i ; N j ðG i ÞÞ together with embeddings m i : G i ! G iþ1 . Since ðG iþ1 ; N j ðG iþ1 ÞÞ and m i arise from ðG i ; N j ðG i ÞÞ by an application of Lemma 2 in the manner described, we deduce the following: if g A G i , then g 
and therefore a chain of groups
and note that H 0 c S. Since each finitely generated subgroup of S is a finitely generated subgroup of G i for some i, it follows easily from Lemma 3 (ii) that each finitely generated subgroup of S is a finite extension of a subgroup of a direct power of N 1 and therefore a finite extension of a subgroup of a direct power of H. Moreover, Lemma 3 (iii) implies that jSj ¼ jHj.
It remains to prove that S is simple. Let 1 0 g A S and note that g A G Proof of Theorem 1. Let V y denote the V-free group of countably infinite rank and note that V y is residually finite since it is residually V-free of finite rank and, by hypothesis, V-free groups of finite rank are residually finite. Since V y is countable it follows that there is a descending residual system ðV y ; N j ðV y ÞÞ and so we may form the inverse limitV
and the corresponding descending residual system ðV V y ; K j Þ where K j is the kernel of the natural mapV V y ! V y =N j ðV y Þ, as described in Section 2. Note thatV V y is a Vgroup since it is a subgroup of the Cartesian product of the V-groups V y =N j ðV y Þ, and that jV V y j ¼ 2 @ 0 . Let A be a non-abelian finite simple group and let W ¼V V y o A. By Lemma 1 (i), the groupV V y is a section of BðW Þ V W 0 . Now V y embeds inV V y in the manner described before the statement of Lemma 2 and so there exists a subgroup of BðW Þ V W 0 that maps onto V y . Moreover, since BðW Þ is a V-group and epimorphisms from V-groups to V-free groups necessarily split (see [4, (44.21 )]), we deduce that W 0 contains a copy of V y . Let N 1 ðW Þ ¼ BðW Þ and, for j ¼ 2; 3; . . . , let
Note that ðW ; N j ðW ÞÞ is a descending residual system. It follows from Theorem 2 that there exists a simple group G Ã such that W 0 , and therefore V y , embeds in G Ã . Furthermore, jG Ã j ¼ jW j ¼ 2 @ 0 and each finitely generated subgroup of G Ã is a finite extension of a group that is a subgroup of a direct power of W . Now W is an extension of the V-group N 1 ðW Þ by the finite group A and so W and all direct powers of W are locally V-by finite. Since each finitely generated subgroup of G Ã has a (necessarily finitely generated) subgroup of finite index that is a subgroup of a direct power of W , we conclude that G Ã is locally V-by-finite. Thus G Ã has all the properties claimed in the statement of the theorem.
Although it is possible to construct the required group G using techniques similar to those used above, it is easier to note that it follows from [3, Theorem 4.4 ] that if L is a countable subgroup of any simple group S then S contains a countable simple subgroup M such that L c M. Thus G Ã has a countable simple subgroup G that contains a copy of V y and is (obviously) locally V-by-finite. r Proof of Theorem 3. Let p be a prime and H an infinite finitely generated p-group that is residually finite. (There are many examples of such groups in the literature. We particularly like those in Wilson's paper [8] which have interesting properties related to Frattini subgroups.) Since H is countable there exists a descending residual system ðH; N j Þ and hence a simple group S with the properties described in Theorem 2. In particular H 0 embeds in S. Now H=H 0 is finite and so H 0 is finitely generated and infinite, and therefore S is not locally finite. Moreover, each finitely generated subgroup of S is a finite extension of a (finitely generated) subgroup of a direct power of H and is therefore periodic and residually finite. The result follows immediately. r
